ABSTRACT: We solve the A (2) 2n vertex model with all kinds of diagonal reflecting matrices by using the algebraic Behe ansatz, which includes constructing the multi-particle states and achieving the eigenvalue of the transfer matrix and corresponding Bethe ansatz equations. When the model is U q (B n ) quantum invariant, our conclusion agrees with that obtained by analytic Bethe ansatz method.
Introduction
In solving integrable models, one of powerful tools is the analytical Bethe ansatz method which was proposed by Reshetikhin for close chains [1] , and was generalized into quantum-algebra-invariant open chains [2] . Then it was employed to solve a family of both quantum-algebra-invariant and non-quantum-algebra-invariant open chains [3] - [5] . For the result is far from rigorous, one more satisfactory approach would be the algebraic Bethe ansatz(ABA), by which the Bethe ansatz equations and the eigenstates can be obtained.
Recently, the algebraic Bethe ansatz [6] - [8] has been developed by Martins [9] - [11] for a large family of vertex models with periodic boundary. Its generalizations have been applied into the vertex models with open boundary conditions in Refs. [12] - [15] and Refs. [16] - [18] . All of these show that the ABA could be suit for the system with higher rank algebra symmetry. Although some open boundary vertex models, such as A (2) 2n model [19, 20] , have been solved by the analytical Bethe ansatz or other methods, it is still worthy to reconsider those by ABA. Here we will formulate the algebraic Bethe ansatz solution for the A (2) 2n vertex model with diagonal reflecting matrices. The A (2) 2n model at the case of n = 1 is also called Izergin-Korepin model [21] which, under the open boundary conditions, can be related to the loop models [5] and flexible self-avoiding polymer chain [22] . When n > 1, the model with trivial reflecting matrices was solved by the analytical Bethe ansatz. However, for non-trivial reflecting matrix, the exact solutions remain unknown. In this paper, we expect to solve the model with all kinds of diagonal reflecting matrices by using the algebraic Behe ansatz, which includes constructing the multi-particle states and achieving the eigenvalue of the transfer matrix and corresponding Bethe ansatz equations. When the model is U q (B n ) quantum invariant, our conclusion agrees with that obtained by analytic Bethe ansatz method [3] .
The present paper is organized as following. In section 2 we introduce A (2) 2n vertex model and list all diagonal K ± matrices governing the boundary terms in the Hamiltonian. Section 3 devotes to construct m-particle eigenfunctions and to derive out the eigenvalue and the Bethe ansatz equations. A brief summary and discussion about our main result are included in section 4. Some necessary calculations and coefficients are given as the Appendix.
The vertex model and integrable boundary conditions
The R matrix for the A
2n model used here is [3] R (n) (u) = a n (u)
i =ī
where a n (u) = 2 sinh( u 2 − 2η) cosh( u 2 − (2n + 1)η), b n (u) = 2 sinh( u 2 ) cosh( u 2 − (2n + 1)η), c n (u, i) = 2e −u+2iη sinh((2i − (2n + 1))η) sinh(2η) − 2e (2i−(2n+1))η sinh(2η) cosh(2iη), c n (u, i) = 2e u−2īη sinh(((2n + 1) − 2ī)η) sinh(2η) − 2e ((2n+1)−2ī)η sinh(2η) cosh(2īη), d n (u, i, j) = −2e f n (u) = b n (u) − 2 sinh(2η) cosh((2n + 1)η),
i +ī = 2n + 2,ĩ =
This R matrix satisfies the following properties
with ρ n (u) = a n (u)a n (−u), ξ n = − √ −1π − 2(2n + 1)η, M i j = δ ij e 4(n+1−ĩ)η . The exchange operator P is given by P ij kl = δ il δ jk , and t i denotes the transposition in i-th space. It also satisfies the Yang-Baxter equation(YBE) [6] 
12 P 12 . Define the following reflection equations
. Then the transfer matrix defined as
constitutes an one-parameter commutative family, i.e. [t(u), t(v)] = 0. Here
The corresponding integrable open chain Hamiltonian takes the form
with
The general solutions of Eq.(5) have been obtained in Ref. [23] . The trivial and nontrivial diagonal reflecting matrices take the form
where c 2 − = c 2 + = −1, p ± are integer numbers varying from 1 to n.
The algebraical Bethe ansatz
In this section, we will present the main procedure of solving open A
2n model by using the nested Bethe ansatz. We begin with introducing the vacuum state.
The vacuum state
Firstly, we write the double-monodromy matrix (8) as
With the help of Eqs.(4,5), we can prove that U(u) in eq.(15) satisfy the following equation
Applying the double-row monodromy matrix eq.(15) on the vacuum state |0 = ⊗N (1, 0, · · · , 0) t , we can find 
, n + 1 < a ≤ 2n − 1 (20) we have
In terms of new operators, the transfer matrix (7) can be rewritten as
The explicit expression of coefficient functions ω's and w's can be seen at the case j = 0 in Appendix B, k
∓ (ũ, n − 1, p ∓ − 1) depend on the choice of boundary,ũ = u − 2η.
The Fundamental commutation relations
In order to construct the general m-particle state, we need to find the commutation relations between the creation, diagonal and annihilation fields. Here we only provide some important commutation relations. Taking some components of eq. (16), we can obtain the following fundamental commutation relations (27) 
Besides the above fundamental commutation relations, we also need the following necessary commutation relations
where all the repeated indices sum over 1 to 2n − 1, u ± = u ± v and
Ther(u),r(u) andr(u) are given bŷ
respectively. The other coefficients are not presented here for their long and tedious expressions.
The m-particle state
Inferred from the commutation relation Eq. (26), we can construct the general m-particle state as follow. Let
where
. Thev i means missing of v i in the sequence. Then the general m-particle state is defined by
which enjoys the property
It is easy to verify Eq.(40) excepting i = 1. But, the proof for the case i = 1 becomes very involved and are omitted here.
The eigenvalue and Bethe equations
We can apply the operators A 's on the eigenstate ansatz and obtain (see Appendix A)
where the expression of |Ψ 's and coefficientsH
withṽ i = v i − 2η, and
Thus, we get the conclusion that|Υ
if the parameters satisfy
for the eq.(14)
.
(48) All unwanted terms cancel out by the following three kinds of identities
From eqs. (43), (45) and (46) , we can see that the diagonalization of τ (u) is reduced to finding the eigenvalue of τ 1 (ũ; {ṽ m }) which is just the transfer matrix of A vertex model,
The Bethe equations are
The coefficients w's, ω's, β j and the followingω, ξ's are expressed in Appendix B. We can rewrite the eigenvalue in detail, which is
The explicit expression of Bethe equations eq. (53) is
Up to now, we have gotten the whole eigenvalues and the Bethe equations of transfer matrix for the A 
Conclusions
In the framework of algebraic Bethe ansatz, we solve the A
2n vertex model with general diagonal reflecting matrices. When the model is U q (B n ) quantum invariant, we find that our conclusion agrees with that obtained by analytic Bethe ansatz method [3] . It seems that other models, such as A n vertex models can also be treated in this way. Additionally, we notice that algebraic Bethe ansatz has been generalized to the spin chain with non-diagonal reflecting matrices [24] - [27] . It is interesting to apply the method to other higher rank algebras.
A Some detail derivations
Acting the diagonal operators x(u) = A(u),Ã aa (u),Ã 2 (u) on the m-particle state and having carried out a very involved analysis similar to that in Ref. [16] , we can obtain the following expression
where when x = A,Ã aa ,Ã 2 ,
respectively, and we denote
The explicit expressions of H
, 4 are listed as below
(A.20)
We conclude that Eq.(A.1) can be verified directly by using mathematical induction, although it is a rather hard work. Similar to assumption of algebraic Bethe ansatz, we might assume that "quasi" m-particle states such as
Here all the indices are omitted and all the spectrum parameters in the "quasi" n-particle state keep the order
are thought to be linearly independent. Then, by using the assumption, the property of Eq.(40) and some necessary relations, we can prove the conclusions Eq.(A.1) as done in Ref. [16] . In order to obtain the eigenvalue and the corresponding Behe equations, we need to carry on the following procedure. Denote [T m (u; {v m })
Before deducing the Eq.(41), we present the following four relations (the proofs are omitted here)
and one should note that all the repeated indices in eqs.(A.29, A.30, A.31) sum over 1 to 2n − 1 except for c 1 or a 1 . We now denote for j < p + and p + ≤ j ≤ n − 1, respectively, 
